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 Approximations to the Distribution Function of the
 Anderson-Darling Test Statistic

 C. D. SINCLAIR and B. D. SPURR*

 A theoretical approximation to the upper tail area of the Anderson-Darling test statistic is derived by applying a result of

 Zolotarev (1961) to the characteristic function. This approximation is particularly good in the upper tail. An empirical distribution
 is given that is accurate over the complete domain of the distribution.

 KEY WORDS: Characteristic function; Cumulants; Empirical approximation; Theoretical approximation.

 1. INTRODUCTION

 The Anderson-Darling test is one of the most power-

 ful and important goodness-of-fit tests in the statistical

 literature. Although designed to be more sensitive to dis-

 crepancies between the hypothesized and empirical

 distribution functions in the tails of the distribution, it also

 performs well in other situations. [See D'Agostino and
 Stephens (1986, chap. 4) for further details and a full list
 of references.]

 In Section 2 we give the first four cumulants, skewness,
 and kurtosis of the asymptotic distribution of the Ander-
 son-Darling test statistic. In Section 3 we derive a theo-
 retical approximation to the upper tail area and give an
 empirical approximation to the distribution function over
 the whole domain. The latter approximation, derived with
 values given by Lewis (1961), also provides an adequate

 fit to results of simulations.

 2. CUMULANTS OF A2

 The Anderson-Darling test statistic A 2 is defined as

 An = n [F(() - F(x)] dF (x), (2.1)
 j F(x)[1 -F(x)]

 where Fn(x) is the empirical distribution function of the
 sample of n observations and F(x) is the hypothesized
 continuous distribution function.

 The first two cumulants of A2 (the asymptotic case of

 An) are well known, but the third and fourth cumulants
 do not seem to be readily available.

 The characteristic function of A 2 (Anderson and Darling
 1952) is given by

 0(t) = [( -27rit)/cos(7rI2\/T2ii)]12. (2.2)
 Now, either by differentiation of +(t) or inspection of

 the coefficients of log + (t), the first four cumulants of the
 distribution are

 K1 = 1

 K2 = 2 (72 - 9) = .579726

 K3 = 80 - 87r 2 = 1.04329

 K4 = 1- 7r4 + 1607z2 - 1,680 = 3.03699. (2.3)
 15

 * C. D. Sinclair and B. D. Spurr are Lecturers, Department of Math-
 ematical Sciences, University of St. Andrews, Fife, KY16 9SS, Scotland.

 The squared coefficient of skewness and the coefficient of
 kurtosis are then given by

 fil = 5.5865, fl2 = 12.036. (2.4)

 Thus, in relation to the Pearson and Johnson systems of
 curves, the distribution lies between the gamma and log-
 normal.

 3. APPROXIMATING THE UPPER TAIL AREA

 The characteristic function (2.2) can also be written as

 +(t) 1 - + 1)/ (3.1)

 (see Anderson and Darling 1952, p. 204). This corresponds
 to the characteristic function of an infinite weighted sum
 of independent chi-squared random variables with weights

 j= 1 j(j + 1). (3.2)

 Consequently, we can use results on limiting distributions
 of quadratic forms of Zolotarev (1961). The general result
 is that if )j are positive and decreasing and I' I Aj < oo,
 then the upper tail probabilities of Aj l 1z;, where zj -
 N(O, 1), are given by

 1 - F(x) [- 2 [i {J1 2 J

 - 1/2

 x [ x J exp [2-fJ [1 + e(x)], (3.3)

 with e(x) -O 0 as x -- oo.
 The Aj given by (3.2) are obviously positive and de-

 creasing, and 1- I A = I 1 Ij (j + 1) = 1. Hence, in
 this case (3.3) reduces to

 1 - F(x)~ [ 1 [- T + 1)1 2

 X (X)-1/2 exp(-x)[1 + e(x)]. (3.4)

 To four significant figures the constant term K = Hp2 (1
 - 2/j(j + 1))-1/2 = 1.732. Equation (3.4) then becomes

 1 - F(x) - [1.732/F(4)]x -1/2 exp(-x)[1 + e(x)].

 (3.5)
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 Table 1. Tail Area Comparisons Using the Theoretical
 Approximation (3.5)

 Nominal significance
 Critical value level Tail area from (3.5)

 .283 .95 1.3841
 .346 .90 1.1754
 .399 .85 1.0380
 .774 .50 .5122
 1.249 .25 .2508
 1.933 .10 .1017
 2.492 .05 .0512
 3.079 .025 .0256
 3.880 .01 .010

 If e(x) = 0 in (3.5), the resulting approximation is in
 good agreement with the percentage points of A2 given
 by Lewis (1961) for values above the median. It is partic-
 ularly good in the upper tail of the distribution. Table 1
 compares the tail areas obtained from (3.5) with the nom-
 inal levels for the critical values obtained by interpolation
 by Lewis (1961).

 The previous approximation is poor in the lower tail.
 The following empirical approximation is adequate over
 the whole range (see Tables 2 and 3):

 F(x) = 1 - 1/[1 + exp(1.784 + .9936x

 + .03287/x - (2.018 + .2029/x)x"- 2)]. (3.6)

 This approximation was obtained by fitting a generali-
 zation of the logistic distribution to the values given by
 Lewis (1961), omitting the three points at .65, 7.0, and
 8.0, whose accuracy is put in doubt by the results of sim-

 Table 2. Upper Tail Area Comparisons Using the Empirical
 Approximation (3.6)

 x

 1.25 1.65 1.95 2.50 3.05 3.85

 P = 1 - F(x) .2497 .1444 .0979 .0496 .0258 .0103
 P from (3.6) .2493 .1447 .0981 .0496 .0258 .0103
 100(P - P)IP -.1 .2 .2 .1 -.0 -.3

 Table 3. Lower Tall Area Comparisons Using the Empirical
 Approximation (3.6)

 x

 .50 .40 .35 .275 .20

 P = F(x) .2532 .1513 .1036 .0443 .0096
 P from (3.6) .2533 .1507 .1029 .0440 .0096
 100(P- P)IP .0 -.4 -.7 -.7 .3

 ulations. Tables 2 and 3 compare tail areas obtained from

 (3.6) with those given by Lewis (1961).

 4. CONCLUSION

 From Table 1 we note that the approximation (3.5) con-
 sistently overestimates the tail area. Nevertheless, it is
 simple to compute, and involves only one coefficient. The-

 oretical considerations suggest that it will be increasingly
 accurate in the extreme tail. We know of no other formula
 that is applicable to the extreme tail.

 Comparisons of absolute and relative errors reveals that
 (3.6) is more accurate than (3.5) to the right of the median.
 Moreover, (3.6) is also accurate to the left of the median.
 It involves five coefficients, however.

 We suggest that for practical purposes (3.5) is suffi-
 ciently accurate for testing the goodness of fit of a single
 data set, whereas (3.6) is a useful complement to Lewis's
 table and may be helpful in assessing the combined good-
 ness of fit of several data sets.

 [Received September 1987. Revised March 1988.1

 REFERENCES

 Anderson, T. W., and Darling, D. A. (1952), "Asymptotic Theory of
 Certain Goodness of Fit Criteria Based on Stochastic Processes," An-
 nals of Mathematical Statistics, 23, 193-212.

 D'Agostino, R. B., and Stephens, M. A. (eds.) (1986), Goodness of Fit
 Techniques, New York: Marcel Dekker.

 Lewis, P. A. W. (1961), "Distribution of the Anderson-Darling Statis-
 tic," Annals of Mathematical Statistics, 32, 1118-1124.

 Zolotarev, V. M. (1961), "Concerning a Certain Probability Problem,"
 Theory of Probability and Its Applications, 6, 201-204.

This content downloaded from 
�������������200.3.152.96 on Fri, 20 Nov 2020 05:39:36 UTC�������������� 

All use subject to https://about.jstor.org/terms


	Contents
	p. 1190
	p. 1191

	Issue Table of Contents
	Journal of the American Statistical Association, Vol. 83, No. 404 (Dec., 1988) pp. 929-1243
	Volume Information [pp. ]
	Front Matter [pp. ]
	Applications and Case Studies
	Miracles and Statistics: The Casual Assumption of Independence [pp. 929-940]
	Philatelic Mixtures and Multimodal Densities [pp. 941-953]
	A Walsh-Fourier Analysis of the Effects of Moderate Maternal Alcohol Consumption on Neonatal Sleep-State Cycling [pp. 954-963]
	Estimating Proportions From Randomized Response Data Using the EM Algorithm [pp. 964-968]
	Covariate Randomized Response Models [pp. 969-974]

	Computational Statistics
	[Introduction] [pp. 975]
	Applications of Parallel Computation to Statistical Inference [pp. 976-983]
	A New Family of Multivariate Distributions With Applications to Monte Carlo Studies [pp. 984-989]
	Maximum Likelihood and Quasi-Likelihood for Nonlinear Exponential Family Regression Models [pp. 990-998]
	Importance Sampling for Estimating Exact Probabilities in Permutational Inference [pp. 999-1005]
	Methods for the Analysis of Contingency Tables With Large and Small Cell Counts [pp. 1006-1013]
	Newton-Raphson and EM Algorithms for Linear Mixed-Effects Models for Repeated-Measures Data [pp. 1014-1022]

	Theory and Methods
	Bayesian Variable Selection in Linear Regression [pp. 1023-1032]
	Bayesian Variable Selection in Linear Regression: Comment [pp. 1033-1034]
	Bayesian Variable Selection in Linear Regression: Comment [pp. 1034-1035]
	Bayesian Variable Selection in Linear Regression: Rejoinder [pp. 1035-1036]
	Computational Methods Using a Bayesian Hierarchical Generalized Linear Model [pp. 1037-1044]
	The Effect of Estimating Weights in Weighted Least Squares [pp. 1045-1054]
	The Effect of Truncation on the Identifiability of Regression Coefficients [pp. 1055-1056]
	Approximations for Regression with Covariate Measurement Error [pp. 1057-1066]
	Regression Transformation Diagnostics Using Local Influence [pp. 1067-1072]
	A Recursive Regression for High-Dimensional Models, with Application to Growth Curves and Repeated Measures [pp. 1073-1077]
	The Cost of Generalizing Logistic Regression [pp. 1078-1083]
	A Unifying Approach to Nonparametric Regression Estimation [pp. 1084-1089]
	Minimax Estimates in a Semiparametric Model [pp. 1090-1096]
	Testing for Common Trends [pp. 1097-1107]
	A Graphical Procedure for Determining Nonstationarity in Time Series [pp. 1108-1116]
	Rank-Based Tests for Randomness Against First-Order Serial Dependence [pp. 1117-1128]
	A Bayesian Approach to the Best-Choice Problem [pp. 1129-1133]
	Bayesian Confidence Intervals for Smoothing Splines [pp. 1134-1143]
	Nonparametric Tests Under Restricted Treatment-Assignment Rules [pp. 1144-1151]
	The Construction of Trend-Free Run Orders of Two-Level Factorial Designs [pp. 1152-1158]
	Combined Rank Tests for Randomly Censored Paired Data [pp. 1159-1162]
	Friedman-Type Statistics and Consistent Multiple Comparisons for Unbalanced Designs with Missing Data [pp. 1163-1170]
	Comparison of Two Treatments in Animal Carcinogenicity Experiments [pp. 1171-1177]
	Estimating the Relative Rotation of Two Tectonic Plates from Boundary Crossings [pp. 1178-1183]
	Optimal Rates of Convergence for Deconvolving a Density [pp. 1184-1186]
	Sign-Preserving Unbiased Estimators in Linear Exponential Families [pp. 1187-1189]
	Approximations to the Distribution Function of the Anderson-Darling Test Statistic [pp. 1190-1191]
	Tables and Large-Sample Distribution Theory for Censored-Data Correlation Statistics for Testing Normality [pp. 1192-1197]
	A Test of Missing Completely at Random for Multivariate Data with Missing Values [pp. 1198-1202]
	Student's t Approximations for Three Simple Robust Estimators [pp. 1203-1210]

	Book Reviews
	[List of Book Reviews] [pp. 1211]
	Review: untitled [pp. 1212]
	Review: untitled [pp. 1212-1214]
	Review: untitled [pp. 1214]
	Review: untitled [pp. 1214-1215]
	Review: untitled [pp. 1215-1216]
	Review: untitled [pp. 1216-1217]
	Review: untitled [pp. 1217]
	Review: untitled [pp. 1217-1218]
	Review: untitled [pp. 1218]
	Review: untitled [pp. 1219]
	Review: untitled [pp. 1219-1220]
	Review: untitled [pp. 1220]
	Review: untitled [pp. 1221]
	Review: untitled [pp. 1221-1222]
	Review: untitled [pp. 1222-1223]
	Review: untitled [pp. 1223]
	Review: untitled [pp. 1223-1224]
	Review: untitled [pp. 1224-1225]
	Review: untitled [pp. 1225]
	Review: untitled [pp. 1225-1226]
	Review: untitled [pp. 1226-1227]
	Review: untitled [pp. 1227-1228]
	Review: untitled [pp. 1228]
	Review: untitled [pp. 1228-1229]
	Review: untitled [pp. 1229]

	Publications Received [pp. 1229-1230]
	Letters to the Editor [pp. 1231-1232]
	Correction: Nonparametric One-Sided Tests in Multivariate Analysis with Medical Application [pp. 1232]
	Correction: Book Reviews [pp. 1232]
	Correction: Regression Analysis for Categorical Variables with Outcome Subject to Nonignorable Nonresponse [pp. 1232]
	Back Matter [pp. ]



